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5 5Let X be a real Banach space with norm ? and dual X*. The
normalized duality mapping from X to the family of subset of X* is
defined by
² : 5 5 2 5 5 2Jx s x* g X*: x , x* s x s x* , 4
² :where ? , ? denotes the generalized duality pairing. A mapping T with
Ž . Ž .domain D T in X is said to be accretive if for each x, y g D T there
Ž . Ž .exists j x y y g J x y y such that
² :Tx y Ty , j x y y G 0. 1Ž . Ž .
Furthermore, T is called strongly accretive if there exists a constant k ) 0
such that
² : 5 5 2Tx y Ty , j x y y G k x y y . 2Ž . Ž .
T is said to be f-strongly accretive if there exists a strictly increasing
w . w . Ž .function f : 0, ‘ “ 0, ‘ with f 0 s 0 such that the inequality
² : 5 5 5 5Tx y Ty , j x y y G f x y y x y y 3Ž . Ž .Ž .
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Ž . Ž .  4 Ž .holds for all x, y g D T . Let N T s x g X : Tx s 0 . If N T / B and
Ž . Ž . Ž . Ž . Ž .inequalities 1 , 2 , and 3 hold for any x g D T , but y g N T , then the
corresponding operator T is called quasi-accretive, strongly quasi-accre-
tive, and f-strongly quasi-accretive, respectively. Such operators have been
Ž w x.extensively studied and used by several researchers see, e.g., 4, 6 .
Ž .Recall that a quasi-accretive operator A is said to satisfy Condition I
Ž . Ž . Ž . Ž .if, for any x g D A , p g N A , and any j x y p g J x y p , the equality
² Ž .: ŽAx, j x y p s 0 holds if and only if Ax s Ap s 0 see, e.g., Xu and
w x.Roach 4 .
w xXu and Roach 4 studied the characteristic conditions for the conver-
gence of the steepest descent approximation process
x g X ,0
@Ž .
x s x y t Ax , n G 0,nq1 n n n
Ž . ‘where t g 0, ‘ , Ý t s ‘, and t “ 0 as n “ ‘. They proved then ns0 n n
following theorem.
THEOREM XR. Let X be a uniformly smooth Banach space and let A:
Ž .D A s X “ X be a quasi-accreti¤e, bounded operator which satisfies condi-
Ž . Ž .tion I . Then, for any initial ¤alue x g D A , there are positi¤e real numbers0
Ž . Ž .T x such that the steepest descent approximation method @ with t F0 n
Ž .T x for any n con¤erges strongly to a solution x* of the equation Ax s 0 if0
q q Ž .and only if there is a strictly increasing function f: R “ R , f 0 s 0, such
that
² : 5 5 5 5Ax y Ax*, J x y x* G f x y x* x y x* . 4Ž . Ž .Ž .n n n n
It is our objective in this paper to give a short proof of Theorem XR. To
Ž w x.do so, we need the following Xu]Roach inequality see 5 .
XR's Inequality. Let X be a real uniformly smooth Banach space.
Then
c2 25 5 5 5 ² : 5 5 5 5 5 5x q y F x q 2 y , J x q K max x q y , r y 5Ž . Ž .Ž .X½ 52
for all x, y g X.
Proof of Theorem XR.
w xNecessity. It is the same as in 4 .
Ž .Sufficiency. Suppose that inequality 4 holds.
Ž . 5 5 5 5 y1Ž5 5.4Let M x s sup Ay : y y x F 3f Ax . Let b be the largest0 0 0
positive real number such that
y1 5 5 5 5f Ax AxŽ .0 0y1b r bM x F . 6Ž . Ž .Ž .X 0 y1 5 5K max 3f Ax , cr2 4Ž .0
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Ž .  y1Ž5 5. Ž .4Set T x s min b , f Ax rM x . Now we plan to prove that the0 0 0
 4 Ž . Ž .sequence x defined by @ with t F T x is bounded. We finish then n 0
proof by using mathematical induction.
Ž .First of all, by 4 we have
5 5 5 5f x y x* F Ax . 7Ž .Ž .0 0
Ž . 5 5 Ž . Ž .We choose x g D A such that Ax g R f f 's range . It then0 0
Ž .follows from 7 that
5 5 y1 5 5 y1 5 5x y x* F f Ax F 2f Ax .Ž . Ž .0 0 0
5 5 y1Ž5 5. 5 5 y1Ž5 5.Assume x y x* F 2f Ax , then x y x F 3f Ax , andn 0 n 0 0
5 5 Ž . Ž .hence Ax F M x by the definition of M x . Now we want to shown 0 0
5 5 y1Ž5 5. 5 5x y x* F 2f Ax . If it is not the case, then x y x* )nq1 0 nq1
y1Ž5 5. Ž . Ž . Ž .2f Ax , by using @ with t F T x and the definition of T x , we0 n 0 0
have
5 5 5 5 5 5x y x* G x y x* y t Axn nq1 n n
y1 5 5G 2f Ax y T x M xŽ . Ž .Ž .0 0 0
y1 5 5G f Ax , 8Ž .Ž .0
and hence
5 5 5 5f x y x* G Ax . 9Ž .Ž .n 0
Ž . Ž . Ž .Using XR's inequality, 4 , and 6 ] 9 we have
5 5 2 5 5 2x y x* s x y x* y t Axnq1 n n n
5 5 2 ² :F x y x* y 2 t Ax , J x y x*Ž .n n n n
c
5 5 5 5 5 5q K max x y x* q t Ax , r t AxŽ .n n n X n n½ 52
5 5 2 5 5 5 5F x y x* y 2 t f x y x* x y x*Ž .n n n n
c r bM xŽ .Ž .X 0y1 5 5q K max 3f Ax , tŽ .0 n½ 52 b
5 5 2 5 5 y1 5 5F x y x* y 2 t Ax f AxŽ .n n 0 0
5 5 y1 5 5q t Ax f AxŽ .n 0 0
5 5 2 5 5 y1 5 5s x y x* y t Ax f AxŽ .n n 0 0
5 5 2F x y x* . 10Ž .n
Ž .Here we used the fact that r t rt is a nondecreasing function in t.X
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5 5 5 5 y1Ž5 5.Thus x y x* F x y x* F 2f Ax , which contradicts thenq1 n 0
5 5 y1Ž5 5.assumption x y x* ) 2f Ax .nq1 0
5 5By the mathematical induction principle, we see that x y x* Fn
y1Ž5 5. 5 5 5 5 52f Ax for all n G 0. Observe that x y x F x y x* q x y0 n 0 n 0
5 Ž5 5. 5 5 Ž .x* F 3f Ax , so that Ax F M x .0 n 0
Again using XR's inequality, we have
5 5 2 5 5 2 5 5 5 5x y x* F x y x* y 2 t f x y x* x y x*Ž .nq1 n n n n
c
y1 5 5q K max 3f Ax , r t M xŽ .Ž . Ž .0 X n 0½ 52
5 5 2 5 5 5 5s x y x* y 2 t f x y x* x y x*Ž .n n n n
c r t M xŽ .Ž .X n 0y1 5 5q K max 3f Ax , t . 11Ž .Ž .0 n½ 52 tn
5 5 4Let a s inf x y x* : n G 0 . Then a s 0. If not, assume that a ) 0.n
5 5 Ž5 5. Ž . Ž .Then x y x* G a and f x y x* G f a ) 0. Since r t rt “ 0n n X n n
as n “ ‘, there exists some fixed positive integer n G 0 such that0
r t M x f a aŽ . Ž .Ž .X n 0 F . 12Ž .y1 5 5t K max 3f Ax , cr2 4Ž .n 0
Ž . Ž .It then follows from 11 and 12 that
5 5 2 5 5 2x y x* F x y x* y t af a , 13Ž . Ž .nq1 n n
Ž . ‘ 5 5 2which implies that a B a Ý t F x y x* - ‘, a contradiction. Thensn n n0 0
 4  4contradiction shows a s 0, so that there exists a subsequence x of xn nj
such that x “ x* as j “ ‘. Hence ;e ) 0, there exists some fixed n G 0n jj
such that
e
5 5x y x* - e , t - ,n nj 2 M xŽ .0
r t M x ef er2Ž . Ž .Ž .X n 0 F y1 5 5t K max 3f Ax 4Ž .n 0
 4for all n G n . As in the proof of boundedness for x , we can prove thatj n
5 5x y x* - en qmj
for all m G 1. This shows x “ x* as n “ ‘. We are done.n
Remark. We would like to point out that our method of proof used
w xhere is simpler than that of Xu and Roach 4 . Moreover, our method also
5 5 Ž5 5.presents a specific error estimation x y x* F 2f Ax for all n G 0.n 0
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